I. INTRODUCTION
Superparamagnetic microbeads have been proven to enable manipulation in microfluidic systems and lab on a chip applications by enhancing a number of operations including mixing, separation and labelling. In a constant external magnetic field B it is well known that they align forming long chains. Such kind of aggregation is limited when the magnetic field is rotating: there is a competition between magnetic and viscous forces which determines the dynamics of the system. Experimentally, these kind of systems have been typically studied through optical methods such as video microscopy [1] [2] [3] [4] [5] [6] or light scattering [7] [8] [9] [10] . Experiments show that for very low frequencies the aggregation process increases 3, 5 . At higher frequencies the size of the chains diminishes until some critical frequency f 0 is reached. Above f 0 a different regime is observed because the aggregation process is prevented due to the fast rotation of the field [3] [4] [5] 9, 10 . From individual observations, the chains under a rotating magnetic field show a typical S-shape and, if the frequency is high enough, they will eventually break up into smaller fragments in order to reduce their viscous drag 11 . The critical frequency which determines the rupture of the chain depends on the frequency of rotation, viscosity and magnetization [12] [13] [14] [15] [16] .
There has also been several theoretical approaches to study the dynamics of these systems.
Melle et al. 9 model the chain as a cylinder in order to calculate the phase lag. In another work, Melle et al. 12 studied the behavior of the chain through the Mason number Mn in order to predict its stability and developed an iterative method in order to predict the Sshape. Cēbers et al. 13 In order to test the model, the authors developed a numerical method to simulate chains represented by a pin-jointed mechanism. Rupture of the chain is explained in terms of the tension of the bar, i.e. when it overcomes the attracting force between the beads. Another model to calculate the critical breakup frequency of the chains has been developed by Franke et al. 15 . In that model the critical condition for instability requires that the tangential drag force (responsible for disaggregation) is balanced by the attractive dipole-dipole force acting between the beads. When the drag force on extreme beads is close to the magnetic attraction the chain will deform first, adopting a S-shape, and it will eventually break when the magnetic attraction force is overcome by the viscous force. It must be remarked, however, that in this model forces with different orientations are compared which is strictly only valid for strongly deformed S-shaped chains so that magnetic and drag forces are antiparallel. Yet, in this model the S-shape chain deformation has not been taken into account and a simple extension can not explain the experimental and numerical evidences that show the chain bends towards the direction of rotation 12, 14, 16 .
In the numerical model presented by Gao et al. 16 , the authors consider the hydrodynamic interactions by using Rotne-Prage-Yamakawa andÖttinger tensors. It is important to point out that in none of these models lubrication forces between beads of the chain are considered.
However, it is well-known that for very close beads lubrication forces are much stronger than the far-field hydrodynamic interactions 17 and therefore it is crucial to take them into account for a quantitative description of the problem.
In this work, a new lubrication-based model of linear magnetic chain is presented, which is able to predict the critical frequency of instability and its general rotating dynamics. The incorporation of lubrication effects allows us to understand qualitatively the morphology of the chain and to predict its breakup quantitatively.
In Sec. II the mathematical details of the model are presented. 
II. MATHEMATICAL MODEL OF CHAIN DYNAMICS UNDER A ROTATING MAGNETIC FIELD
A spatially homogeneous rotating magnetic field of the form B = B 0 (cos(ωt), 0, sin(ωt))
is considered explicitly and its effect on the chain's dynamics is explored. It is assumed that rotation takes place on a plane (x, z) with angular frequency ω and that the most relevant forces involved in the rotation, shape and breakup of the chain are the magnetic torque of the two external particles and the drag force. The effect of the tangential lubrication force between beads, which becomes particularly relevant for short chains, is also considered. A detailed analysis of the dynamics of the chain and the calculation of the critical frequency of the chain are performed in the Sections II A and II B. Theoretical results will be validated by the direct numerical simulation in Section IV
A. Chain deformation: S-shape and breakup
In this section the model is presented and it is shown that is able to predict quantitatively the typical S-shape chain deformation as well as its breakup.
It is considered that the most relevant interactions in the chain are due to magnetic and friction torques ( Fig. 1 ). When the solid beads are superparamagnetic, the presence of an external magnetic field B will induce a magnetic dipole moment. It is also considered that the alignment of the magnetic moment m α of a given solid bead α with the external magnetic field is fast enough so it can taken as instantaneous, in such a way that
where V c = 4πa 3 f /3 is the volume of a paramagnetic bead of radius a, with f being the fraction of the bead's volume that is paramagnetic and B α the magnetic field estimated at the bead's position R α . χ is the magnetic susceptibility difference between the bead and the suspending fluid, whereas µ 0 is the vacuum magnetic permittivity. The approximation (1) is valid under the assumption that the external field B is not too large, in such a way that a linear regime is preserved.
As a result, the induced dipole-dipole magnetic force between two beads α and β can be expressed as 18
where R αβ = |R α − R β | the distance between the beads and e αβ = R αβ /R αβ is the unit vector going from β to α. Finally, in the case of identical solid particles and homogeneous magnetic field B, each bead has the same magnetic moment m α = m β = m and Eq. (2) simplifies to 
where the characteristic strength of the force is F 0 = 3µ 0 4π m 2 0 a 4 = 4π 3µ 0 (af χB 0 ) 2 . From equation (4) the dipole-dipole force can be split in two components, one parallel (�) to e αβ and other normal to it (⊥). This reads
where I is the identity tensor.
Let us consider now the case of a straight chain forming a small angle θ with the applied rotating magnetic field B. Under this condition, the net force calculated from the dipole-dipole force on each bead which is not located at the extremes of the chain will be approximately zero. This can be explained as follows: given that every term from (5) depends on e αβ , the force from the closest neighbor of one bead at one side is almost balanced by the force of the closest neighbor on its other side. Moreover, since the dipole-dipole force scales as R −4 αβ the influence of further neighbors will be negligible. Under this condition, the only beads of the chain undergoing a significant aligning force with the magnetic field are the beads located at the extremes, where the dipole-dipole force is unbalanced and the rotation of the entire chain can be therefore expected to be driven primarily by them. As a consequence, the external beads being driven by the magnetic field will be in advanced positions with respect to the rest of the chain, producing the characteristic S-shape chain deformation in the direction of rotation in agreement with previous studies 12, 14, 16 .
Let us consider now the projection of the force (5) along the center-to-center beads
where the second equality comes from the fact that both m and e αβ are unit vectors and θ is the instantaneous angle between m (or B) and e αβ . Such a force can be attractive as well as repulsive, provided that the angle θ becomes sufficiently large. In particular this will occur when arccos
which can be also written as
This value for the critical angle is in agreement with earlier calculations 9, 13 . In terms of degrees such interval is approximately defined by |90 − θ| < 35.26. For angles larger than this value, inter-beads magnetic forces will result in a repulsive (rather than attractive)
interaction.
The rotating chain is therefore under the influence of a dissipative torque which is opposite to the magnetic torque aligning the chain to the magnetic field. If at some instant, the strength of the magnetic torque is able to compensate the viscous one, the chain will remain in a stable configuration. In the opposite case, the phase lag between the chain and the magnetic field will eventually not satisfy Eq. (7) and the repulsion force will break the chain. Given the S-shape of the chain this will happen first in the center of the chain, which is the most delayed region in terms of alignment with the the external field. This is also the reason for the typical chain's rupture at its center (see Sec. IV A).
Concluding scenario: when the magnetic field is rotating, the alignment of the chain is delayed respect to the magnetic field direction by the presence of the surrounding viscous fluid.
(i) If the frequency of rotation is relatively small (in a sense to be discussed later), the chain will follow the magnetic field in a quasi-straight shape, i.e. for small angles θ only a negligible deflection in the last beads of the chain will occur.
(ii) If the frequency of rotation becomes higher, significant deflection of the beads at the end of the chain will trigger deflection within the chain delivering the final visible S-shape.
(iii) The angle of two-consecutive beads is different along the S-shaped chain. Given that the beads located at the extremes are the ones which drive the chain alignment with the magnetic field, the greater differences between the angle θ of the magnetic field and the chain will be exactly in the middle of the chain. If the frequency becomes sufficiently high, the chain cannot follow the magnetic field and the angle θ in the middle of the chain will be eventually in the range (7) . Under this condition, only the beads in that central region will feel a repulsive magnetic force and the chain will suddenly breakup.
B. Critical chain's breakup frequency
In this section, the model discussed above is analyzed. An analytical expression for the chain's breakup frequency is provided, which will be compared against full three-dimensional SPH direct numerical simulations in Sec. IV and with experimental data in Sec. V.
I. 0th-order drag approach
It is clear that if the extremal beads are able to follow the magnetic field closely (i.e. without delay), no chain breaking will take place. The magnitude of the solvent viscosity is a key parameter in the determination of this condition. The typical S-shape of the chain is also an effect of the viscosity, which is indirectly responsible of the resistance of the central particles of the chain in following the movement of the extreme ones.
To simplify the problem and to obtain an analytical expression for the breakup frequency, the chain is considered, in first approximation, straight. Given that the rotation of the chain is driven mainly by the external beads, it will be considered that all the magnetic torque is exerted by those beads. Once the external beads have moved, the remaining internal beads follow the external ones due to the magnetic attraction force between beads. The magnetic force on an external bead (e.g. α = N ) is given by equation (4). The typical torque applied by the magnetic field can be calculated as
where, being the chain straight, the indices α and β have been omitted (i.e. e αβ = e c is the constant unit vector defining the chain direction) and F B N is the force exerted on one extreme bead given by (4) . Finally, L is the chain length which can be estimated as (center-to-center distance between the extreme particles) L = (N − 1)d (9) where N is the total number of beads of the chain and d is the characteristic center-to-center distance between adjacent beads.
Let's consider now the case of a chain rotating with angular velocity ω ′ under the influence of a field B which is rotating with an angular velocity ω. If it is supposed that the only important magnetic interaction on the external beads is due to the influence of their closest neighbors, the force on the external beads due to the magnetic field can be calculated as
where d = d/a is the dimensionless characteristic distance between adjacent beads, and m = (cos (ωt + φ) , 0, sin (ωt + φ))
being φ and φ ′ , respectively, the initial phases of the rotation of the magnetic field and the chain direction. Note that the x − z plane have been defined as the rotation plane. The magnetic torque is given then by
The dot and cross products are calculated as
Now, the application of the friction torque on the chain is going to be considered. The expression for the friction torque in the shish-kebab model presented in 19 has been used before 9, 12, 14 . In that expression, valid for long chains (N >> 1), translational drag force of the particles and hydrodynamic interactions between them are considered. In order to make that expression valid for smaller chains, in 20 they assimilate the chain of particles to a prolate ellipsoid, and propose a phenomenological law which is fitted through experimental data. Such an expression was also used in 16 . In our case, the friction on the particle α is given by the Stoke's Law
and by the rotational friction
so the total torque on the chain due to the solvent viscosity reads
where the expression of the double cross product has been used and the origin of coordinates have been located in the middle of the chain, so R α and ω ′ are normal. The evolution of the rotation dynamics can be written now as
or, by using (12), (13) and (16)
where I is the moment of inertia of the chain and φ 0 = φ−φ ′ . By assuming that a stationary state can be established in such a way that the chain is able to follow the magnetic field (i.e.
From this equation the equilibrium change of phase φ 0 can be obtained as
where it has been taken into account that � α R 2 α = 1 12 N (N 2 − 1)d 2 and have used Eq. (9). As long as the maximum magnetic torque (given at φ 0 = π/4) is greater than the total viscous torque, the chain will remain in a stable configuration following steadily the rotating field. On contrary, if the angle φ 0 > π/4, the maximum magnetic torque will not be able to balance the viscous torque. Under this condition, the angles φ 0 obtained under the steady assumption in Eq. (20) , will represent an unstable solution and the chain will increasingly delay respect to the external field until the breaking angle θ c = arccos � ±1/ √ 3 � , given by Eq. (7), is reached. At that precise moment, the transition from attractive to repulsive magnetic interaction will trigger the final chain rupture.
In conclusion, in order to prevent chain breakup, φ 0 should remain always below π/4. This allows us to define a critical frequency ω c for which the chain destabilizes:
For frequencies larger than ω c , no steady phase shift can be established, the chain will not be able to follow the external magnetic field as a whole and destabilization leading to final breakup will start.
II. High-order lubrication approach
In the problem of chaining, adjacent particles might get very close to each other, i.e.
at surface-to-surface distances much smaller than their radius. Under this condition, the overall viscous dissipation from the fluid manifests, beside through the Stoke's and rotational drags on single beads, also via lubrication interactions between adjacent beads. It should be remarked that for very close beads this force can be orders of magnitude larger than to Stoke's drag 17 and therefore it is crucial to take into account this effect for a quantitative decryption of the problem.
Again, we will consider a straight chain. The distance between particles is assumed not changing significantly (i.e. before breakup), in such a way that normal lubrication would not be important. On the other hand, since the movement of the chain is rotatory, tangential velocities of different beads will be different (i.e. increasing towards the extremes) and therefore tangential lubrication will be important. Furthermore, it is considered that the net effect of such a lubrication force will be relevant only for the extreme beads of the chain, given that for the internal ones such lubrication forces will be balanced from by two neighbors at each side of the given bead.
If α is an extreme bead (i.e. N ), the overall tangential lubrication force that feels from its unique neighbor N − 1 reads 21
so that the total torque due to the tangential lubrication force is given by
where R N = L/2 = (N − 1)d/2, given that α = N is an extreme particle. Note also that there are two extremes (α = 1, N ), so the overall torque must be doubled. The equation of evolution of the dynamics of the chain (17) is therefore modified by an additional lubrication term and reads now
where
By following the same steps than in section II B 1 the next expression is found
or, by replacing (25)
Note that for N high enough, only the drag Stoke's term, which scales as ∼ N 3 , is important.
So tangential lubrication and rotational drag force are important only for small chains. Note that the same scaling ω c ∼ 1/N 2 for long chains calculated in the Franke et al work 15 is found here. This differs slightly from the scaling log(N )/N 2 obtained in other works 13, 14, 16 .
III. SPH MODEL OF SUSPENDED MAGNETIC BEADS
In this section the details of the SPH simulation method, used to validate our theory, are presented, separately, for the solvent medium, the suspended solid particles and magnetic interactions. 
where D is the number of dimensions of the system, P i the pressure of particle i, e ij = r ij /r ij the unit vector joining particles i and j, v ij = v i − v j their velocity difference and η 0 the viscosity of the solvent. d i = � j W (r ij , r cut ) is the number density associated to particle i estimated as a weighted interpolation with a bell-shaped function W with compact support with cutoff radius r cut = 3 dx (dx being the mean fluid particle separation) 25 . Finally, an equation of state for the pressure is used relating it to the estimated local mass density,
where the input parameters ρ 0 , p 0 and γ are chosen to have a liquid speed of sound c s = � γp 0 /ρ 0 sufficiently larger than any other velocity present in the problem, therefore enforcing approximate incompressibility 26 and p b is a background pressure.
B. Solid particles: fluid-structure interaction
Solid inclusions of arbitrary shape can be modelled using boundary particles similar to fluid ones, located inside the solid region 27 . Boundary particles interact with fluid particles by means of the same SPH forces described in Eq. (28) . No-slip boundary condition at the liquid-solid interface is enforced during each interaction between fluid particle i and boundary particle j by assigning an artificial velocity to the boundary particle j, which satisfy zero interpolation at the interface 24 . The same approach can be also used to model any arbitrary external wall. Once all the forces acting on every boundary particle j belonging to a solid bead (labelled by Greek indexes α) are calculated, the total force F sph α and torque T sph α exerted by the surrounding fluid modelled by SPH can be obtained as
where R α is the center of mass of the solid bead α. When properly integrated, F sph α and T sph α allow to obtain the new linear velocity V α , angular velocity Ω α and position of the suspended solid bead. Positions of boundary particles inside α are finally updated according to a rigid body motion 28 . In the following we assume that α = 1, .., N , where N is the total number of solid beads.
C. Interparticle lubrication/repulsion/magnetic forces
The present SPH model captures accurately the long range hydrodynamic interactions (HIs) between solid particles 27 . As discussed in detail in 17, 28, 29 when two solid particles (e.g.
α and β) get very close to each other, the HIs mediated by the SPH fluid are poorly represented and need to be corrected. In 17, 28, 29 an analytical solution has been considered for the pairwise short-range HIs obtained in the limit of small sphere's separation and superimposed it to the far-field multi-body SPH HIs. The normal and tangential lubrication forces acting between the spheres read: 21 .
where e αβ = R αβ /R αβ is the vector joining the centers of mass of solid particles α and β, V αβ is their relative velocity and s = R αβ − (a α + a β ) is the distance in the gap between sphere-sphere surfaces. Here, the scalar functions f αβ (s) and g αβ (s) are defined as
where a α and a β are the sphere's radii. As discussed in 17, 28, 29 Beside lubrication forces, an additional short-range repulsive force acting between solid particles is introduced to mimic particle's surface roughness or other short-range interactions (e.g. electrostatic) which prevents overlap. It is customary to use for this force the expression 31, 32 .
where τ −1 determines the interaction range and F rep its magnitude. In this work τ −1 = 0.001a and F rep = 0.02115 is adopted, corresponding to a nearly hard-sphere model.
Finally, the interparticle magnetic interaction is also considered and calculated via Eq. 
A. Chain dynamics: deformation and breakup
In Figure 2 snapshots corresponding to three typical scenarios are depicted: (i) For a small frequency (ω ≪ ω c ) ( Fig. 2 left) , the magnetic chain follows closely and steadily the applied external magnetic field; the chain rotates as a quasi-rigid rod with small deformations visible only at its ends. (ii) At moderate frequencies (ω < ω c ) ( Fig. 2 center) the steady phase-shift between the chain and magnetic field increases, producing a visible S-shape deformation in the rotation direction. (iii) For a sufficiently large frequency (ω > ω c ) ( Fig. 2 right) , the phase-shift in the central part of the chain grows and exceeds eventually the critical angle for the onset of repulsion effects where breakup occur. For a detailed movie of the three cases the reader is referred to the supplementary materials provided online.
In figure 3 the angle θ of the central bead of a chain made by 7 beads with its closest neighbors has been drawn for four different frequencies. The points have been drawn only when the chain is not broken (so angle θ can be defined). It is considered that the chain is broken or in process of breaking when the distance between two adjacent beads surfaces becomes twice or larger than their value at equilibrium. In all the cases the inputs of the simulations are the same as discussed above; the external field frequency varies between 0.4ω c and 3.2ω c . The shift angle is compared with the critical angle θ c = arccos
given by equation (7) θ c . As already explained, this is due to the fact that the chain is not able to rotate fast enough to match the angular velocity of the magnetic field leading to an increasing shift.
After a certain time, the delay becomes sufficiently large such that the force between beads in the center of the chain turns into repulsive, initiating the rupture process. After that, the resulting chains, which are smaller, are able to follow the rotation of the magnetic field.
After half complete rotation the extremes of the chains, they re-attach starting the process again and generating the characteristic periodic behavior observed in the figure 3.
To better, visualize the breakup process, in the figure 4 several configurations of the chain have been drawn for an applied frequency ω = 1.6ω c (corresponding to the blue points A-E in Fig. 3 and to the third scenario in Fig. 2 ). The magnetic field orientation at different times of the simulation is depicted as a dashed blue line, whereas the red circles represents the positions of the beads (the size of the circles do not correspond to the size of the beads). It is clear that the largest difference between the orientation of the magnetic field and single bead alignment takes place in the middle of the chain. Shadowed areas represent the regions characterized by local angles with respect to B, θ > θ c . For central bead orientations within these region, the magnetic interparticle force becomes repulsive.
Note frame C where the chain is still uncut and its central orientation does overlap quasi with the border of the shadowed repulsive region. For configuration D, such an angle is beyond θ c and breakup initiates. The chain is completely broken at configuration E, where the smaller chains independently follow the rotation of the magnetic field.
B. Critical breakup frequency
In this section, the critical breakup frequency obtained from three-dimensional SPH simulations of the magnetic model discussed in Sec. III is compared quantitatively with the analytical predictions of Sec. II B and previous theoretical results. For sake of simplicity, the equations will be expressed in terms of the magnetization M , which is related with F 0 as F 0 = 4π 3 µ 0 M 2 a 2 . In Fig. 5 , ω c vs N (number of beads forming the chain) is shown for the next cases:
• Circles with error bars represent the results of SPH simulations. Note that error bars are smaller than the size of the circles. 
where M = m 0 /V is the magnetization.
• In Gao et al. 16 a dimensionless number R T is defined which represents the ratio between the viscous drag and the maximum magnetic driven torque. The chain breaks up when R T = 1, which allows us to define the next critical frequency:
Such a frequency has been drawn as a pink line. 
• The higher-order lubrication formula (Eq. (27)), which is also rewritten here for clarity
is depicted as green line in Fig. 5 .
It is clear that the drag-based approximations (both Franke et al., Gao et al. and our 0 th − order model) reproduce qualitatively the decrease of ω c for increasing chain length, but they quantitatively overpredict the critical breakup frequencies, especially for small chains. On contrary, the lubrication-based solution (high-order) is able to match fairly well the simulation data, especially for N < 9.
Note that in the theoretical derivations, we still rely on the assumption that the chain is straight. For larger chains, of course this approximation becomes increasingly rude. In particular, for real deformed chains, the change of phase between the magnetic field and the center of the chain will be obviously greater than the one corresponding to an approximate straight rigid chain, and the critical breakup frequency ω c is expected to be smaller than the one estimated here. This can explain the smaller frequency obtained in the real SPH simulation data (black circles) with respect to analytical expression (27) for N ≥ 9.
V. COMPARISON WITH EXPERIMENTS
In the previous section it has been shown that under controlled conditions, i.e. when well, difference between them take place for small-size chains. Scattering in experimental data does not allow to discriminate clearly between the two lines, however, we point out that simulation results (see Fig. 5 in linear scale) suggest that the high-order lubrication model can better capture this regime.
VI. CONCLUSIONS
In this paper a model of linear chain of superparamagnetic beads has been presented in order to describe its dynamics and to calculate the critical frequency for instability under an applied rotational magnetic field. As in 16 we have considered that the relevant mechanism aligning the chain to the magnetic field orientation is the induced dipole-dipole forces of the external beads. On the other hand, the viscous torque on the chain induce a delay in the alignment. With these assumptions, the S-shape deformation of the chain can be qualitatively understood. Two different straight chain models have been proposed: in the first one, the friction torque is uniquely based on the translational and rotational drags of the particles of the chain; in the second one, additional lubrication forces between particles are considered. With these models is possible to determine an expression for the critical frequency which is able to capture quantitatively the chain breakup. To test our model under controlled conditions we have performed direct numerical simulations using the SPH method. Excellent agreement with our model is found, especially for small chain size. The proposed models have been also compared with experimental data presented by Franke et al. 15 and are in excellent agreement for a paramagnetic fraction f of 65 %.
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